The Casimir effect for a massless spin-3/2 field in Minkowski spacetime 
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The Casimir effect has been studied for various quantum fields in both flat and curved spacetimes. 
As a further step along this line, we provide an explicit derivation of Casimir effect for massless 
spin-3/2 field with periodic boundary condition imposed in four-dimensional Minkowski spacetime. 
The corresponding results with Dirichlet and Neumann boundary conditions are also discussed. 
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I. INTRODUCTION 

Since the pioneering work by Casimir in 1948, who theoretically predicted that there is an attractive force between 
_*-. ' a pair of neutral plane metallic plates due to a shift in the energy of vacuum state of the quantized electromagnetic 
field 1], along with the first experimental confirmation by Sparnaay in 1958[2J], the so called Casimir effect has been 
V/~j ' studied both extensively and intensively. Not only has the Casimir effect been measured more and more precisely in 
recent experiments [3, 0, [a, m, 0, la & LLQ| > but also acquired interesting applications in different areas of theoretical 
physics, including the QCD bag model of hadron sflU Il2l [lj| and dark energy in cosmology [I4J. For more recent 
progress and developments, please refer to [la, Oil 03 an d references therein. 

On the other hand, by many methods such as Green's function[18l|. zeta function[19l|. path integral[20], dimensional 
regularization|2ll| . and cut-off method [23. |23|. the Casimir effect has been com put ed for various fields which satisfy 
different boundary conditions in both flat and curved spacetimes [H US US [23,111, H, US SH H3, H H US US [33, 
13a . KM [40 , l4ll [421 143 . 1441 . l45j . However, as far as a spin-3/2 field is concerned, we are not aware of any work done 
in this direction. Therefore, as a further step along this line, the present paper will provide an explicit derivation of 
the Casimir effect for a massless spin-3/2 field with the periodic boundary condition in four-dimensional Minkowski 
^h ' spacetime. 

It is obvious that the massless spin-3/2 field occupies a special position in our attempts to understand nature 
both relativistically and quantum mechanically. It is the massless spin-3/2 field that turns out to be the simplest 
nontrivial higher spin field, but plays a significant role in supergravity and twistor programme. Especially, different 
from neutrino and electromagnetic fields, there is no gauge invariant local energy momentum tensor for massless 
spin-3/2 field, which is also shared by linear gravitational field indeed. However, fortunately, as is shown in [46|], the 
integral of energy momentum tensor over the whole space is gauge independent, which justifies our present work and 
makes it acquire particular interest. 

The paper is organized as follows. In the next section, we will briefly review the gauge invariant theory of massless 
spin-3/2 field in four-dimensional Minkowski spacetime. In the subsequent section, introducing zeta function, we 
provide an explicit derivation of the Casimir effect for massless spin-3/2 field with periodic boundary condition, which 
means that we compactify the corresponding space to a circle. Conclusions and discussions are given in the final 
section. 

System of natural unites are adopted: h = c = 1. Notations and conventions follow those in 46]. Especially, the 
metric signature takes (+, — , — , — ), and {ct^s'e = ""tsC^j <J )\l- L — 0, 1, 2, 3; £(£') = 1, 2} with a Pauli matrices. 
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II. EQUATION OF MOTION AND ENERGY MOMENTUM TENSOR FOR MASSLESS SPIN-3/2 
FIELD FROM RARITA-SCHWINGER LAGRANGIAN 

This section will present a brief review of the theory of massless spin-3/2 field in four-dimensional Minkowski 
spacetime, which provides a concise foundation for later work. For more details, please refer to [46|. 
Start with Rarita-Schwinger Lagrangian[4a. [47j] 

C = -iV2{r B 'a b B , B V b ^ a B - ^ aB '<J aB , B \7 b yj bB + r B '<j bB , B X7 a i/j bB ) + ^ aB ' a aB , B a bBC ' o cC ,cVbV C ], (1) 
where the bar denotes the Hcrmitian conjugation. From here, Euler-Lagrange equation leads to 

<J h B'B^b^a B - \{<JaB'B^b^ bB + ^bB'B^a^) + \° aB> B^ ' <J cC> C^ ' b^ = 0. (2) 

With the covariant derivative and the soldering form action on the equation of motion, respectively, we have 

v b B> B V b V a iP a B = 0, 

V a ^ Q s - 0, (3) 

where the identity <J a CB'<JbD B +&bCB'&aD B — Vab^CD has been employed [461]. Taking into account Rarita-Schwinger 
constraint condition, i.e., 



the equation of motion is simplified as 



O a B>B^a B = 0, (4) 



O h B>B^b^a B = 0. (5) 



Eqn.(|l]) and Eqn.© are just our familiar Rarita-Schwinger equations for massless spin-3/2 field[46|, |47(. Furthermore, 
by Belinfante's construction and after a straightforward calculation, the local energy momentum tensor for massless 
spin-3/2 field reads [46j 

T ab = -n/2[^ dJ3 V%/ B v°V - vK/^VW^ 15 ) + (v c ^ 6 i D V^ D v cD - V/ D VVdV c V 6)d )], (6) 

which is equivalent with that obtained by the variational principle [481]. 

It is worth noting that Rarita-Schwinger field equations are invariant under the following gauge transformation)^ 

S3 

i)a B ^lpa B +V a ^ B (7) 

with 

o b B , B Vw B = 0. (8) 

Moreover, the global energy is also gauge invariant, although the local energy momentum tensor ([6]) including the 
energy density is gauge dependent [40]. Since the Casimir effect involves the global energy rather than local energy 
density, in the following discussions we can confine ourselves to Coulomb gauge, i.e., 

^o B = 0. (9) 

Obviously, the energy density in Coulomb gauge is given by 

„ _ rpOO _ •'y^/TdD'O rrOi E rjOJ.dD'O „/, E\ / in \ 

p — 1 — -l-^-\W O D'EV Wd — V 1p a D'EWd )■ (J-U) 

For later progress in the subsequent section, a consistent massless spin-3/2 quantum field can be constructed by 
the plane wave basis in Coulomb gauge as [46] 



^ a B {x) = -== I d 3 p[a(p)^ pa B (x) + cHp)^ pa B (x)], Po > 0. (11) 

v( 27r ) 



Here the annihilation and creation operators satisfy the anti-commutation relations as follows 

{a(p),a(p')} = 0, 

{a(p),aV)} = ^ 3 (p-p'), 

{ot(p),at(p')} - 0, 

{c(p),c(p')} = 0, 

{c(p),ct(p')} - <5 3 ( P -p'), 

{ C t(p), c t(p')} = 0. (12) 

The plane wave solutions to Rarita-Schwinger equations in Coulomb gauge read 

4> pa B {x) = -^= F ^ /J E ( P )(da^) (e E ) B e-*" Bfc ) (13) 

v 2 M 



where 



and 



with 



,.•(1.11.0.1) = ID. 1./.0) ( J ). (14) 



tp^ (p = e , e sin 6> cos <£, e sin sin 93, e cos 6*) = ^ (— p) 



(A- 1 )%L B r^ r (l, 0,0,1) (15) 



/l OX/ 1 \ / cosh A -sinhA 

cos<^ -sin^j 0||0 cosfl sin6> If 10 

sin^ cos<^ 00 10 01 

\0 1/ \0 -sin0 cos 9 J \-sinhA cosh A 



A = 



III. THE CASIMIR EFFECT FOR MASSLESS SPIN-3/2 FIELD WITH PERIODIC BOUNDARY 

CONDITION 

Now consider the constraint of having a rectangular box with the boundaries located in £1 = — f- , y\ = — £■, z\ =0 

and x 2 — -£■ , y 2 — -% , z 2 = L z respectively. Thus we can implement the periodic boundary condition on the massless 
spin-3/2 quantum field, i.e., 

^^(xi,y,z) = Tp^(x 2 ,y,z), 

^^{x,y\,z) = tp^(x,y 2 ,z), 

"<Pn^{x,y,Zi) = %l)^(x 1 y,z 2 ), (17) 

hence the expression (TTTT) can be modified to 

^a B (x)= \ { E E E HpH P a B (x)+c\p)^ pa B (x)}}, PQ >0 (18) 

y Lx-LyLz 



— 2ttitt n — 2mr — 21-k 

Pa>— L x P»~ L„ Pi- i. 



with 



{a(p),o(p')} - 0, 

{a(p),a t (p')} = 5 pj;p/ J Pyp , y S p ^, 

{ a t(p), a t( p ') } = o, 

{c(p),c(p')} = 0, 

{c(p),c t (p')} = 8 PxP <J PyP > y S PzP ^ 

{ct(p),ct(p')} = 0. (19) 



Next substituting the massless spin-3/2 quantum field (fT8|) into Eqn. ([T0|) and taking the integral over the box, the 
expectation value of the Casimir energy in the quantum vacuum state can be written as 

E = J dxdydz(0\p\0) = j dxdydz(0\f O0 \0) 
1 1 



- I dxdydzlYY 1— f= (-n/2) 



2 L x LyL 
{(po+P&)[<0|ot(p)o(p / )|0)^ I3, (p)(r E i E ^ E (p')e i ^-^^ 

+ (p -p^)[<0| a t(p) c t(p')|0)^ s '(p) f7 ° s , E ^ s (-p')e 4(Pb+p ' b)Kb 
-(0| C (p)a(p')|0)V> E '(-p)^°s's^ S (p') e - l(p6+ ^ ) ^]}}. (20) 

By the anti-commutation relations (|19[) as well as the following properties of annihilation and creation operator, i.e., 

a(p)|0)=0, 
c(p)|0) = 0, 
(0|at(p) = 0, 
(0| C t(p)=0, (21) 



Eqn. (|20]) can be simplified as 



E = ^E[^> s '(-p)^°s' S ^ s (-p)] 
p 

= l - ^[V2A°,^ s ' (1, 0, 0, lK s , s Vv s (l, 0, 0, 1)] 
p 

= i^(-2p ) = -5> . (22) 
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p p 



In order to investigate the Casimir effect between two neutral infinite parallel plane plates without loss of generaliza- 
tion, we shall simultaneously put L x — > oo and L y — > oo at the end of our calculation. Thus an integral approximation 
for the sum over the modes of p x and p y is possible, i.e., 



= -j$sl E J^pAVpTTpI)) 



= -^[|/^(^ + (f) 2 )], (23) 

where p T — (j> x ,Py) is introduced for the convenience of later computation, and the mode for I — is ignored for it 
carries zero longitudinal momentum, thus does not contribute to the Casimir effect. 

Obviously, Eqn.(|23p is divergent. To extract a finite value from Eqn. (|23[ ). we here invoke zeta function regularization. 
Firstly introducing the definition of the gamma function as follows 

(24) 
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* r l/J e -t(p T V4»'/I.') i (25) 



next interchanging the integral over p T and t, and noticing that the integral over p T is just Gaussian type integral, 
we have 



_ L x L y y^ r dt_ 3/2 -tl 2 (2ir) 2 /L 2 z 



4tt0F v L/ ^ 2 
where we have used the Ricmann zeta function 



LxLy (?) 3 r(-?)C(-3), (26) 



00 /*00 Ji 

2 z=i ^o * 
Later by r(— |) = -^, and £(— 3) = j|g, we obtain 

Furthermore, the corresponding Casimir force per unit area between the two parallel plane plates is obtained by 
taking the negative derivative of T E T with respect to the distance of the two plates L z , i.e., 

'~m (29) 

Obviously, unlike the case of scalar field, the Casimir force is repulsive for the massless spin-3/2 field, which originates 
from the spin-statistics connection: the massless spin-3/2 field satisfies Fermi-Dirac statistics rather than Bose-Einstein 
statistics. In addition, the magnitude of the resultant force is two times of that of scalar field with the same boundary 
condition, which is in agreement with the fact that the massless spin-3/2 field has the degrees of freedom with two 
times as many as the scalar one. 

IV. CONCLUSIONS AND DISCUSSIONS 

Starting from Rarita-Schwinger Lagrangian and employing the gauge invariance of the global energy for massless 
spin-3/2 field, we have provide an explicit derivation of the Casimir effect for the massless spin-3/2 field with periodic 
boundary condition in Coulomb gauge by the zeta function regularization method. The resultant Casimir force 
obtained here, together with those of other massless fields with the same boundary condition in four-dimensional 
Minkowski spacetime, can be casted in terms of unified form as follows [25J 

f = ±^Cl, (30) 

1 30if v ' 

where ± corresponds to fermionic and bosonic fields, implying repulsion and attraction of the force, respectively. In 
addition, S denotes the degrees of freedom for fields: S — 1 for scalar field, and S — 2 for massless fields with spin. 

We conclude with some discussions in order. Firstly, although the present paper only explicitly evaluates the Casimir 
effect for the massless spin-3/2 field with periodic boundary condition, the corresponding results with Dirichlct and 
Neumann boundary conditions can be easy to obtain as is shown for the case of scalar field in [251 ] : it is smaller, by a 
factor of 16, than that with periodic boundary condition here. In addition, it is natural to next calculate the Casimir 
effect for the massless spin-3/2 field confined in other configurations such as a cylinder and a sphere. However, under 
these circumstances, the calculations involved are much more complex, thus worthy of further investigation, which is 
expected to be reported elsewhere. 
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